Introduction
The purpose of this paper is to give certain modified rational approximants to the function Forf E E, \ E,_l the superstar conjugate f* will be
f*(z) = ~,(z)f,(z).
Iff c/20, then f* = f,.
The linear spaces E,,, n = 0, 1,2,..., and/2, are defined as 
Note that s = 12 + 12,, as can be seen by partial fraction decomposition. Also for f ,g E 12, we may define (f ,g) = M(fg,). Then we get (f,g) = (g,,f,) for f,g E 12.
As (g,f) = M(g/',) = M(fg,) = (f ,g) for f ,g E s and (f ,f) = M(ff,) > 0 for f E 12, f #-0, the inner product is Hermitian and positive-definite on 12 x 12.
In this paper we assume that # is a solution to the following "moment" problem:
Given the inner product (., This moment problem always has a solution. Two non-decreasing functions which are solutions of the moment problem such that their difference is a constant at all the points at which it is continuous, are considered to be the same solution of the moment problem. We will give modified rational approximants to the function Fu in terms of orthogonal rational functions and their associates. Besides, we obtain some results about related quadrature formulas.
Orthogonal rational functions
In our approach orthogonal rational functions will play an important r61e. 
Here the non-zero number b~ "/is called the leading coefficient of On-We assume that the r are chosen such that b(. ") > 0 and we write ~. = b~ "). It is easily shown that ~,=r =r
Using the uniqueness of the reproducing kernel ~_, r k=O for the inner product space s one can show (see for instance [1] ) that the following Christoffel-Darboux formula holds with r = r = no. Here
~)k(Z)q~k(W) = ~)n(Z)r --(~"(Z)(~n(W)
It follows from the Christoffel-Darboux formula (2.1) with z = w = a,_l that e" # 0. A proof of (2.3) and (2.4) can be found in [1] or in [2] , but (2.3) and (2.4) may also be derived from the superstar conjugates with respect to w and with repect to z and w of the Christoffel-Darboux formula. We mention another consequence of the Christoffel-Darboux formula. Taking the superstar conjugate of (2.1) with respect to z and w and writing
y~(,_,)\k(Z)B(,,_,)\k(W)r162
).
For z = w = a'_~ this gives
Together with (2.5) and (2.6) this leads to /~2 n-I I~'I 2 -16"12 -m2
In particular this implies (2.8)
A different proof of (2.8) can be found in [4] .
Associated functions
Next to the orthogonal functions r we consider the associated functions r defined by 1
Here M is acting on t and t+z D(t,z) -t--Z"
Obviously %, E s for n = 0, 1,2, .... Forf E s we may write
a(t) f(t) ----
with a E II,_l, so, iff ~ 0, then
This gives immediately
For the superstar conjugates of the ~. we have
and, since ~bn E s
, we may write 
M (D( t, z) [~"(z) -

L~.(t)
This gives
The functions ~b,, and ~b~, satisfy the recurrences 
I1 = 6, ~l B,(z)M (D( t, z) [qb*_l (z) =-o,--n~z)w,-l(z)
I~n-1 since f(t)B,(t) E/~(,-i),(1/~--~?-1), and -( [ h = ~. An(z)g D(t,z) l
I~n-1
an(t)] )
A----~j q~._, (t) =0
f(t)An(t) (1--~t)p(t) t-%_,_ p(t ___)_) = wn_l(t) 1 -~t wn_2(t ) E s
Formula ( 
Para-orthogonal functions, quadrature formulas and modified approximants
It follows easily from the Christoffel-Darboux formula (2.1) that the zeros of ~b n are in D and that the zeros of ~b~, are in E. Moreover, we have [4~n(z)[ < 14~,(z)[ for z E D and [~bn(z)[ > I~b~(z)l for z E E. As we intend to give quadrature formulas with nodes in T we consider the functions Qn(z, w) = ~b n(z) + w~b~(z), n = 0, 1,2,... 
R.(z, w) _ P.(z, w) Q.(z, w)
We will show that 
r -wr =M(D(t,z)[r f(t) . ~t~] q)
for such f, we have " zj + z Q,(z, w) = P,(z, w).
r -wr = ~ ~"J~-z
The case n = 1 follows by direct verification, using A1,1 = M(1) = l/t% 2.
In [3] a formula like (4.6) could only be obtained in the "cyclic" situation, i.e. in the case of a finite number of points c~. repeated in cyclic order.
From the partial fraction decomposition if # is a solution of the moment problem and #. is a solution of the "truncated" moment problem as above, we get the general form of some results which were obtained in [3] 
W._l ( t )lr._, ( t) f~ D(t,z)[g(t) -g(z)]d(# -#n)(O) = O, (t = ei~
f~ D(t,z)f(t) Qn(t, w) d#(O). f(z)Qn(z,w)
See [5] .
We conclude the paper with a remark on the quadrature weights. Recall that zl,..., z, are the zeros of Q, and that Izjl = 1, j = 1,..., n. For z = zj we have ffn(zj) + wO*(zj) = 0 and ~n(zj) = 1/~n(zj), so by the Christoffel-Darboux formula
--Qn(zj, w) -Qn(t, w) ~n(zj) __ Cn(t ) n-I
= ~'Pk(O4'k(t).
zj -t zj t k=0
Cn ( Ek=0 i k(zj)l 2, -'-
